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1 Introduction
Scalar fields are an important ingredient of the Standard Model of particle physics and its
extensions as well as crucial for Early Universe physics, in particular inflation. They are
also the most studied example in the framework of quantum field theory in curved space
which assumes the presence of a classical curved background [1, 2].
Most work investigating the behaviour a scalar field φ in curved space assume a free
theory. An important exception is de Sitter space, which due to its simplicity and impor-
tance for the inflationary paradigm has been studied by many also for interacting theories.
For some time it has been known that in de Sitter space the usual perturbative expansion
for a massless self-interacting quantum scalar field is problematic due to secular terms that
grow without bound [3, 4] and furthermore infrared divergences in the propagators [5, 6].
These issues can however be overcome via non-perturbative resummation techniques [7].
What these methods reveal is that in de Sitter space interactions lead to the generation
a non-zero variance 〈φˆ2〉 giving rise to an effective mass, which will regulate the infrared
behaviour of the theory [8–12].
The stochastic framework [8, 13] is the most widely used approach for discussing scalar
fields on de Sitter backgrounds [14–28], but they may also be approached via the 2-particle-
irreducible (2PI) functional techniques [29–31] and there are already several works inves-
tigating scalar fields in de Sitter space via 2PI and related approaches [12, 20, 32–41].
Furthermore, recently in [42] de Sitter space was approached via the Schwinger-Dyson
equations and in [43–45] nonperturbative renormalization group techniques were used.
Similar infrared divergences as encountered in de Sitter space have been known to arise
also on other homogeneous and isotropic backgrounds [46], but in general the de Sitter
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solution has received the most attention, however see the recent works [47–49] analysing
related issues beyond de Sitter space. In particular, interacting theories as studied here
are currently largely unexplored.
The object of this article is to provide solutions for light self-interacting scalar fields
on cosmologically relevant backgrounds beyond de Sitter space. We will especially focus on
the possible generation of a non-zero variance. Since the generalization of the stochastic
approach beyond de Sitter is non-trivial — although an interesting question in its own
right, see for example the recent works [50–54] — here we make use of the leading order
truncation in a 2PI expansion. As we will show, it lends itself also to other homogeneous
and isotropic spaces.
As our model we choose a generic decoupled sector consisting of a light self-interacting
scalar singlet with the action
S = −
∫
d4x
√
|g|
[
1
2
(∇φ)2 + 1
2
m2φ2 +
ξ
2
Rφ2 +
λ
4
φ4
]
, (1.1)
on a background that is assumed to be of the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) form, with the line-element given in cosmic time as
ds2 = −dt2 + a(t)2dx2 . (1.2)
In our analysis the notion of a light field is defined as a field that has a negligible mass
that can be ignored with respect to the background Hubble rate and restricts the validity
of our results to apply only in the case where m/H ≪ 1 holds, with H ≡ a˙(t)/a(t). This
poses a limit on the mass parameter present at tree-level as well as the running mass
generated by quantum loops, which in the not completely decoupled case also results in
restrictions on other sectors. However, no restrictions are imposed on the non-minimal
coupling between the field and the scalar curvature of space R as mediated by ξ. Following
the standard cosmological framework, we will furthermore assume that the background
may be characterized via a constant equation of state parameter w relating the energy and
pressure densities, ρ and p, in the parametrization (1.2) as
p = wρ ; ρ = T00 , p = Tii/a(t)
2 , (1.3)
where Tµν is the energy-momentum tensor of the background.
We will throughout leave the t-dependence in the scale factor implicit, a(t) ≡ a, use nat-
ural units with c ≡ ~ ≡ 1 and follow the (+,+,+) conventions of [55] for Einsteinian gravity.
2 Free scalar field on a background with p = wρ
Setting λ = 0, the action (1.1) gives rise to the equation of motion(−+m2 + ξR) φˆ = 0 , (2.1)
whose solutions, as usual, can be expressed as a mode expansion. Using conformal time
defined as
η =
∫ t dt′
a(t′)
, (2.2)
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the line element becomes
ds2 = a2(−dη2 + dx2) , (2.3)
with which the properly normalized modes read
φˆ =
∫
d3k eik·x√
(2π)3a2
[
aˆ
k
fk(η) + aˆ
†
−kf
∗
k (η)
]
, (2.4)
with [aˆ
k
, aˆ†
k′
] = δ(3)(k−k′), [aˆ
k
, aˆ
k′
] = [aˆ†
k
, aˆ†
k′
] = 0, where k is the co-moving momentum
and k ≡ |k|. From (2.1) and (2.4) one gets the mode equation
f ′′k (η) +
[
k2 + a2m2 + a2
(
ξ − 1
6
)
R
]
fk(η) = 0 , (2.5)
where the primes denote derivatives with respect to conformal time. Solving equation (2.5)
for the case of inflation with w = −1, or more precisely de Sitter space, is very well known
from the cosmological context. However, much less work exists for backgrounds with
w 6= −1, which we will address next.
It is a straightforward exercise to use the Friedmann equations{
3H2M2P = ρ
−(3H2 + 2H˙)M2P = p = wρ
, (2.6)
where M2P ≡ (8πG)−1 and show that the scale factor and Hubble rate can be written as
a =
(
t
t0
) 2
3(w+1)
, H =
2
3(w + 1)t
. (2.7)
For our purposes it is more convenient to use conformal time (2.2), where one has
a =
(
η
η0
) 2
3w+1
, η =
2
3w + 1
1
aH
. (2.8)
Note that η changes sign at w = −1/3, but from (2.7) we also see that this point separates
a decreasing and increasing (aH)−1, so for all w one has dη/dt > 0. Finally, we can write
the scalar curvature as
R = 6
a′′
a3
= 12
1− 3w
(3w + 1)2
(aη)−2 = 3(1− 3w)H2 . (2.9)
From now on we will specialize to the case of a light field by neglecting the mass
parameter and with the help of (2.8) and (2.9) the mode equation (2.5) assumes the form
of Bessel’s equation, i.e we get
f ′′k (η) +
[
k2 − β
2 − 1/4
η2
]
f(η) = 0 , (2.10)
with the definition
β2 =
1
4
+ 12
(
1
6
− ξ
)
1− 3w
(3w + 1)2
. (2.11)
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An important feature worth emphasizing is that (2.10) with (2.11) has a finite limit at
w = −1, which may seem surprising since obviously the solutions (2.7) are ill-defined for
this choice.1 There is however a divergence at the point w = −1/3, but as we will show in
section 4 it disappears in the result for 〈φˆ2〉, indicating that it has no physical significance.
This is expected on the basis that the scalar curvature R is well-behaved at w = −1/3.
2.1 The generalized Bunch-Davies vacuum
The generic solution for (2.10) is a linear combination of the two Hankel functions
fk(η) = C1(k)
1
2
√−πηH(1)β (−kη) + C2(k)
1
2
√−πηH(2)β (−kη) . (2.13)
For de Sitter space, w = −1, the standard choice for the vacuum is to choose C1(k) = 1 and
C2(k) = 0 i.e. the Bunch-Davies vacuum [56, 57]. Formally, one may obtain the Bunch-
Davies vacuum with the requirement that at early times, t → −∞, the behaviour of all
fk(η) is independent of the curvature of space i.e. when |kη| → ∞ we require our mode to
behave as a positive frequency plane wave
fk(η) ∼ e
−ikη
√
2k
, (2.14)
which can be obtained from (2.13) by making use of the asymptotic form for the first
Hankel function, H
(1)
ν (x) ∼
√
2/(πx) exp (ix), for large positive x with positive ν. Note
that ” ∼ ” signifies factors of modulus unity. The Bunch-Davies vacuum also has the
appealing feature that it is a late time attractor: if we impose that (2.14) is satisfied for
modes of any solution in the high ultraviolet (UV), k → ∞, this translates as requiring
the UV portion of all solutions to coincide with the Bunch-Davies vacuum. But since in
de Sitter −η → ∞ when t → −∞, at late times all modes even ones deep in the infrared
(IR) were at early times in the UV with |kη| → ∞ and hence must coincide with the
Bunch-Davies vacuum. For more explanation, see for example [58].
For w 6= −1 we will use the same requirement of correspondence with the positive
frequency plane wave at |kη| → ∞ to motivate our choice of vacuum. As discussed be-
low (2.8) for w < −1/3 conformal time −η approaches 0 for large cosmic time t and hence
our requirement translates to demanding all modes to coincide with (2.14) at t → −∞,
very much like for the Bunch-Davies vacuum in de Sitter space. But for w > −1/3 the
opposite is true or that we require the modes to match with (2.14) at t → +∞ . This leads
us to the following choice of vacuum
fk(η) =
1
2
√−πηH(1)β (−kη) , (2.15)
1This feature is in fact only an artifact of the usual parametrizations of the solutions used in (2.7). We
can rectify this by instead parametrizing the solutions to (2.6) as
a =
[
1 +
3(w + 1)H0t
2
] 2
3(w+1)
; H =
H0
1 + 3(w+1)H0t
2
, (2.12)
where H0 = H(0). These forms have the usual limit at w → −1 and are physically equivalent to (2.7) and
hence also lead to (2.10).
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where for a positive index β the negative arguments may be obtained via
H
(1)
ν (−|x|) = −e−iνpiH(2)ν (|x|) for which the large argument asymptotics come with the
help of H
(2)
ν (x) ∼
√
2/(πx) exp (−ix).
We emphasize that our choice possesses several natural features: for w < −1/3
due to the already mentioned behaviour of −η being a decreasing function of time for
w < −1/3, (2.15) exhibits the same attractor nature as the Bunch-Davies vacuum does in
de Sitter space. For w > −1/3 at late times the co-moving horizon radius ∝ η can be seen
from (2.8) to approach infinity which for any local observer indicates a spacetime indistin-
guishable from flat space, and is reflected by the solution (2.15) by coinciding with the pos-
itive frequency plane wave (2.14) i.e. the standard Poincare´ invariant Minkowski vacuum.
In the situation where the equation of state parameter is a constant for only a finite
duration after which evolving in some unspecified manner the choice (2.15) for cases with
w > −1/3 becomes less motivated as demanding the late time evolution to coincide with a
plane wave would no longer constrain the finite intermediate range with a constant w. Here
there hence is no natural unique candidate as the choice of vacuum in contrast to w < −1/3
implying a sensitivity on the initial conditions appropriate for the particular problem one
is studying. However, in a case paralleling the current cosmological paradigm where the
Universe was first for a very long time characterized by w = −1 and then sufficiently
smoothly evolved into some w > −1/3 the choice (2.15) again seems motivated.
Finally, at the limit of a conformal theory with ξ = 1/6 or a background with a
conformal equation of state w = 1/3 as given by radiation, scales such as H should not be
visible in the solutions and indeed we have from (2.11) β = 1/2 and again correspondence
with (2.14).2
Trivially, for w = −1 the choice (2.15) coincides with the Bunch-Davies vacuum. We
will name (2.15) as the generalized Bunch-Davies vacuum even though in other works
exploring similar issues in spacetimes with w 6= −1 the word ‘generalized’ is left out. The
reason for our nomenclature is that invariance under the symmetries of de Sitter space
is often used as a defining feature for the Bunch-Davies vacuum and for spacetimes with
w 6= −1, in particular when the evolution is not close to de Sitter, this definition cannot
be invoked.
2.2 Infrared divergences
For an inflating background it is well-known that a traditional loop expansion is problematic
due to an IR amplification of quantum modes, not much unlike what is encountered in
thermal field theory [59]. This can be seen by calculating the leading IR limit of the
variance for a free field3
〈φˆ2〉 ∝ H2
∫ ΛIR
0
dxx2−2β . (2.16)
For w = −1 with a massless and minimally coupled field one has β → 3/2 and the above
gives divergence at x → 0. This divergence is a manifestation of the fact that a massless
2 H
(1)
1/2(x) ∼
√
2
pix
eix.
3See equation (3.11) for the small argument asymptotic form of |H
(1)
ν (x)|.
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non-interacting scalar field is incompatible with de Sitter invariance [60]. However, the self-
interacting massless theory in de Sitter is perfectly well-behaved, but in order to see this one
must resort to more involved approaches than the standard (perturbative) loop expansion.
As discussed in the introduction, nonperturbative approaches are required in order
to form well-behaved expansions for an interacting theory in de Sitter space. By far the
most popular and calculationally convenient is the stochastic approach. However, as the
stochastic method makes use of features that are specific to de Sitter space it is not obvious
how one should generalize it when studying backgrounds with w 6= −1, although, see the
works [50–54] addressing this very issue. From (2.16) and (2.11) we can furthermore see
that for many combinations of ξ and w one may obtain β ≥ 3/2 leading to an IR divergence
and indicating the need to go beyond standard perturbation theory. Fortunately, as we
will show the 2PI approach is perfectly applicable for backgrounds with w 6= −1.
3 Non-perturbative resummation
This section introduces only the bare essentials of the 2PI technique as required by our
calculation omitting many key details and concepts. For more information we refer the
reader to [30].
The 2PI technique is an inherently non-perturbative approach to field theory that
relies on choosing particular topological classes of Feynman diagrams, usually containing
an infinite number of graphs, and then includes the contribution of all such diagrams in
order to obtain the “resummed” propagator. More or less the only analytically tractable
2PI approximation is the Hartree approximation [61, 62], which consists of summing all
“super-daisies” that can be constructed with the simple tadpole diagram as illustrated in
figure 1. This results from solving the mode equation supplemented with the one-loop
effective mass from interactions, which for our theory reads
F ′′k (η) +
{
k2 + a2
[
m20 +
(
ξ0 − 1
6
)
R+ 3λ0〈φˆ2〉0
]}
Fk(η) = 0 , (3.1)
where the subscripts of “0” indicate that we are dealing with unrenormalized quantities, in
particular m20, ξ0 and λ0 contain the necessary counter terms and the renormalized mass
will be set to zero. Here the mode is denoted with Fk(η) to emphasize that unlike the fk(η)
in section 2 it represents the solution to infinite order in λ. We will assume throughout
that the 1-point function vanishes as an initial condition, 〈φˆ〉 = 0.
The key idea behind this approach is that when solving equation (3.1) at no point
should an expansion in terms of λ be used and in particular 〈φˆ2〉0 denotes the full interacting
variance for which (3.1) implicitly defines a self-consistent solution. In practice, more or
less the only analytic way of obtaining a solution is via a conveniently chosen ansatz.
In de Sitter space when only local diagrams are included as in the Hartree approxi-
mation of figure 1 one may require that the full propagator merely generates a constant
effective mass contribution based on de Sitter invariance, and indeed this assumption allows
one to find a solution for (3.1), see for example [40]. For w 6= −1 when the Hubble rate
is no longer a constant this assumption seems less motivated. On the other hand, when
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+ + + + · · ·
Figure 1. The 2PI Hartree approximation. The sum in the above is included in the solution for
the mode via (3.1) and is to be understood to consist of all graphs that can be formed by successive
insertions of a “tadpole”-loop.
the tree-level mass of the field is assumed to be small the only scale that could potentially
appear in the mode equation is H. This leads us to write an ansatz of the form
m20 + ξ0R+ 3λ0〈φˆ2〉0 = θR , (3.2)
where the θ is a constant that is to be self-consistently solved by using (3.2) in (3.1). In
the 2PI framework an equation of the type (3.2) that relates an effective mass of a mode
to the variance and hence implicitly to itself is commonly referred to as the gap equation.
If one uses (3.1) with (3.2) for studying theories that are not strictly massless and
decoupled, the main constraint implied by (3.2) is that any mass terms present at tree-level
(and potentially amplified by loops from self-interactions) or couplings to other massive
fields are small enough so that they may be ignored. Importantly, this condition must
apply throughout the time scales one is considering. The longer the time the more stringent
this condition is since generically when w 6= −1, R is a decreasing function as R ∝ t−2.
After a sufficiently long time a mass term will unavoidably become relevant resulting in a
breakdown of the assumption (3.2).
Finally, we draw attention to an important issue concerning the limitations of the
Hartree approximation. It was already famously discussed in [8] that it captures only the
Gaussian part of the variance while the stochastic framework correctly includes also the
non-Gaussian features of the probability distribution function of a theory with a quartic
self-interaction. Comparing the results of [51, 52] to [40] one may see that this discrepancy
persists beyond de Sitter and is thus present also in our solutions. However, if one is
only interested in the magnitude of the variance and not in higher order correlators the
numerical agreement between the two approaches is quite good [8].
3.1 Calculating 〈φˆ2〉0
We now set out to find an expression for the unrenormalized variance 〈φˆ2〉0 as a function
of θ. For this we follow [12, 40] closely, where we refer the reader for more details. The
reader not interested in the details of the derivation may skip directly to the results, which
are given in section 4.
Since our ansatz for the full interacting mode leads to the same equation as in the
free case, (3.1) with (3.2) is (2.10) with ξ → θ, the full interacting mode will be given
by (2.15) but where the index of the Hankel function is given by ν which is related to the
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to-be-solved θ
Fk(η) =
1
2
√−πηH(1)ν (−kη) ; ν2 =
1
4
+ 12
(
1
6
− θ
)
1− 3w
(3w + 1)2
. (3.3)
We can then write the variance as
〈φˆ2〉0 = |η|
8πa2
∫ ∞
0
dk k2
∣∣H(1)ν (−kη)∣∣2 . (3.4)
In the situation where
0 < 3/2− ν ≡ δ ≪ 1 , (3.5)
i.e. when θ is such that ν is slightly smaller than 3/2 the integral in (3.4) can be solved
analytically as was shown in [12, 63] by using a cut-off regularization, for dimensional
regularization see [40]. From now on we will only consider situations where (3.5) is satisfied
and this is required for the validity of the derivation in [12, 63]. Situations where this
restriction cannot be imposed can also be approached analytically, see for example the
works [54, 64, 65]
Following [12] we will first introduce a physical UV cut-off as
H|η|k ≤ ΛUV ⇒ kUV = ΛUV/(H|η|) , (3.6)
and furthermore in a similar fashion introduce the IR and “intermediate” (IM) cut-offs
satisfying ΛIR ≪ ΛIM ≪ ΛUV.
The integral (3.4) may now be solved in a piecewise manner. For the UV contribution
we can use the asymptotic expansion,
∣∣H(1)ν (x)∣∣2 UV−→ 2π|x|
[
1 +
ν2 − 1/4
2x2
+O(x−4)
]
, (3.7)
which we note was extended for negative arguments by again using the relation
H
(1)
ν (−|x|) = −e−iνpiH(2)ν (|x|). With the above and the formulae of the previous section
we can write
|η|
8πa2
∫ kUV
kIM
dkk2
∣∣H(1)ν (−kη)∣∣2= 18π2
{(
ΛUV
Haη
)2
+R
(
1
6
−θ
)
log
ΛUV
H
+O(Λ−1UV)
}
− 1
8π2
{(
ΛIM
Haη
)2
+
2
(aη)2
log
ΛIM
H
+O(δ,Λ−1IM )
}
. (3.8)
Using very similar steps as for the UV contribution, for the middle piece we can use
∣∣H(1)ν (x)∣∣2 IM−→ ∣∣H(1)3/2(x)∣∣2 = 2π|x|3 (1 + x2) , (3.9)
giving
|η|
8πa2
∫ kIM
kIR
dk k2
∣∣H(1)ν (−kη)∣∣2 = 18π2
{(
ΛIM
Haη
)2
+
2
(aη)2
log
ΛIM
ΛIR
+O(δ,ΛIR)
}
. (3.10)
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Finally, for the IR contribution we can use the familiar small argument form
|H(1)ν (x)|2 IR−→
(
2νΓ[ν]/(π|x|ν))2 , (3.11)
to write
|η|
8πa2
∫ kIR
0
dkk2
∣∣H(1)ν (−kη)∣∣2= 18π2(aη)2
{
1
δ
−2(2−γe−log2)+2log ΛIR
H
+O(δ,ΛIR)
}
.
(3.12)
Combining (3.8), (3.10) and (3.12) we can up to small terms write for the variance
〈φˆ2〉0 = 1
8π2
{(
ΛUV
Haη
)2
+R
(
1
6
− θ
)
log
Λ′UV
H
+
(aη)−2
δ
}
+ · · · , (3.13)
where we have absorbed the numerical factors 2(−2+ γe+ log 2) in (3.12) to a redefinition
ΛUV → Λ′UV inside the logarithm, which is correct up to small terms that are beyond our
approximation.4
To conclude this subsection, we point out that in addition to our approach, which
follows the works [12, 63] closely, it is possible to give the integral in (3.4) an expression
in closed from without relying on approximations that make use of an expansion in δ and
involve splitting the integral in three pieces. This rather formal expression can be found
for example in the seminal works [56, 57].
3.2 Renormalization
Here we renormalize the variance obtained in the previous section in (3.13). First we will
split the result into a divergent piece and a finite physical contribution and from now on
we drop the subscript “UV” from the cut-off
〈φˆ2〉0 = 1
8π2
{(
2Λ
3w + 1
)2
+R
(
1
6
− θ
)[
log
Λ′
µ
+ log
µ
H
]
+
(aη)−2
δ
}
≡ 1
8π2
{(
2Λ
3w + 1
)2
+R
(
1
6
− θ
)
log
Λ′
µ
}
+ F , (3.14)
where F represents all the finite terms contained in 〈φˆ2〉0. With (3.14) the gap equa-
tion (3.2) becomes
θR= ξR+3λF+
{
δm2+δξR+3(λ+δλ)
(
2Λ
3w+1
)2
+R (1/6−θ) log(Λ′µ )
8π2
+3δλF
}
, (3.15)
where the counter terms were introduced by the bare constants as c0 → c + δc and note
that m = 0. As our renormalization prescription we impose that the divergent expression
4To show this one may use results from section 2 to write
(aη)2R(1/6− θ) log
(
ΛeN/2
)
= (ν2 − 1/4) log
(
ΛeN/2
)
=
(
2− 3δ +O(δ2)
)
log
(
ΛeN/2
)
= (aη)2R(1/6− θ) log Λ +N +O(δ) ,
where N is an arbitrary O(1) number.
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in the wavy brackets of (3.15) vanishes, from which follow the standard counter terms in
the 2PI Hartree approximation [40]
δλ =
3λ2 log (Λ′/µ)
8π2
(
1− 3λ log (Λ
′/µ)
8π2
)−1
,
δξ =
3λ(ξ − 1/6) log (Λ′/µ)
8π2
(
1− 3λ log (Λ
′/µ)
8π2
)−1
,
δm2 = −3λ
(
2Λ
3w+1
)2
8π2
(
1− 3λ log (Λ
′/µ)
8π2
)−1
. (3.16)
With the divergences properly removed from 〈φˆ2〉0 the gap equation (3.2) becomes a simple
algebraic relation
θR = ξ˜R+
3λ˜
8π2
(aη)−2
δ
, (3.17)
where we have made the definitions
λ˜ =
λ
1− 3λ
8pi2
log (H/µ)
, ξ˜ =
1
6
+
ξ − 16
1− 3λ
8pi2
log (H/µ)
. (3.18)
As seen from (3.18) the 2PI Hartree approximation as a by product results in running of
the constants very similarly to what is found via 1-loop renormalization group improve-
ment [66].
To conclude this section, we address an important issue concerning the form of the
solution and the ansatz used. In our parametrization for the solutions in (3.2) we assumed
the θ-parameter to be a constant and due to the presence of the running logarithms in (3.18)
this is strictly true only for de Sitter space. However, also for w 6= −1 this is a good
approximation since the time dependence in θ is solely due to running, which is only
logarithmic and thus quite mild. Furthermore, it is multiplied by the 1-loop suppression
factor ∝ 3λ/(8π2). Because of this in what follows we will neglect the running in our results
and make the replacements
λ˜ → λ , ξ˜ → ξ . (3.19)
With the results of this section we can write down a form for the gap equation that can
be solved for an arbitrary equation of state, with which we may investigate the generation
of a non-zero variance, 〈φˆ2〉.
4 Results
Before addressing the results in several important cases, we provide a simple picture al-
lowing one to intuitively understand why a particular background leads to an excitation of
the field.
In the renormalized form in the 2PI Hartree approximation the mode equation for a
massless, light and self-interacting scalar field reads
F ′′k (η) +
{
k2 + a2
[(
ξ − 1
6
)
R+ 3λ〈φˆ2〉
]}
Fk(η) = 0 . (4.1)
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Considering the initial condition where 〈φˆ2〉 starts out as small from the above it is easy to
see that for many combinations of ξ and the equation of state parameter w the expression
inside the square brackets leads the IR quantum modes to obtain a negative effective
mass squared due to the presence of the background curvature. Broadly speaking, this
is an unstable configuration akin to tachyonic or spinodal instability [67, 68] and can be
expected to result in strong amplification of the field. Since R = 3(1 − 3w)H2 we can
conclude that for w < 1/3 amplification occurs when ξ . 1/6, and similarly for w > 1/3
when ξ & 1/6. One may also see from (4.1) that the more the field is amplified the more
the growing variance 〈φˆ2〉 will via interactions work against further excitation. Finally, an
equilibrium between the two competing effects will be reached which is precisely the value
solved by our approach. Based on this argument the magnitude of the variance is expected
to saturate close to the point where the IR divergence disappears, or more descriptively
becomes self regulated, since at this point the field is no longer light due to the effective
mass generated by interactions ∝ λ〈φˆ2〉. From equation (2.16) one may see that this
happens when the index in the mode function is smaller than 3/2, which is the reason we
can expect an expansion in 3/2− ν to be valid in cases where there is IR amplification.
For completeness, we start by laying out the steps one needs to make for finding an
expression for 〈φˆ2〉. Neglecting the small effect from the running of couplings, the gap
equation (3.17) reads
θR = ξR+
3λ
8π2
(aη)−2
δ
, (4.2)
and once we have solved from it an expression for θ, the variance comes from the renor-
malized form of (3.2)
〈φˆ2〉 = θ − ξ
3λ
R . (4.3)
The aη and R for a general equation of state w are given in (2.8) and (2.9), respectively.
Importantly, our main focus lies in cases where an IR amplification takes place and the
above provide valid solutions only in such a case: the δ in (4.2) is required to be a small
positive parameter and it is related to ν as given in (3.3) by δ = 3/2− ν. Mathematically,
δ is required to be small so that the expansion (and truncation) in δ used in the derivation
in section 3.1 is valid and positive so that a finite IR limit for the variance exists.
4.1 Examples
Now we apply our formalism to several cosmologically relevant cases.
w = −1, ξ = 0. It is already well-established that a light, minimally coupled scalar
field with a quartic self-interaction will it in de Sitter space exhibit random walk and as
a result generate a non-zero variance. This case is often investigated via the stochastic
approach, which is able to probe also the non-Gaussian features of the distribution unlike
the 2PI Hartree approximation as used here [8]. Nonetheless, the w = −1 case provides a
useful check of our results.
The gap equation (4.2) in de Sitter space with ξ = 0 gives to leading order in δ
12H2θ =
3λ
8π2
H2
4θ
⇔ θ = 1
4
√
λ
8π2
, (4.4)
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which leads to the variance via (4.3)
〈φˆ2〉 = H
2
π
√
8λ
, (4.5)
which is the well-known result derived for example in [8, 40].
w = −1, ξ ≫ 1. It is also instructive to study how our formalism fares in a case where
there obviously is no IR enhancement and no variance is generated. This happens when
the field is effectively heavy, which in de Sitter space may be achieved by having a large
non-minimal coupling. In this scenario the gap equation becomes
12H2θ = 12H2ξ +
3λ
8π2
H2
4θ
. (4.6)
It is simple to show that for ξ ≫ 1 the above has two solutions for θ neither of which giving
1 ≫ 3/2− ν > 0 and thus satisfying the required conditions as discussed in the beginning
of this section. This indicates that for this choice a solution resulting in IR enhancement
does not exist, as expected.
Next we can turn to cases which to the best of our knowledge have not previously been
addressed in literature.
w = 0, ξ = 0. The equation of state w = 0 is frequently encountered in cosmology, for
example for a matter dominated Universe or often during reheating after inflation when
the inflaton oscillates around its minimum. Like in de Sitter space for a minimally coupled
theory equation (4.1) has a negative contribution from −R/6, which is expected to lead to
〈φˆ2〉 > 0 via tachyonic amplification. The gap equation is, again to leading order in δ
3H2θ =
3λ
8π2
H2/4
4θ
⇔ θ = 1
4
√
λ
8π2
, (4.7)
and the variance reads
〈φˆ2〉 = H
2
4π
√
8λ
. (4.8)
So very much like on a de Sitter background, for w = 0 a minimally coupled light field will
become excited by the expansion of space.
w = 1, ξ ≫ 1. An equation of state with w = 1 is usually called kination and is en-
countered for example in cases where the potential of the inflaton becomes negligibly small
after inflation has ended. Since now R < 0, we expect a non-zero variance to be generated
only for large ξ. It proves convenient to define a new variable θ′ as ν2 = 9/4(1− θ′), with
which one gets to leading order
−9
[
1+O(ξ−1)
]
H2=−9H2+
[
9−6ξ+ 2λ
π2θ′
]
H2⇔ θ′= 2λ
π2(6ξ−9)+O(ξ
−3) , (4.9)
resulting at the limit of a large ξ to
〈φˆ2〉 = 2ξ
λ
H2 , (4.10)
providing yet another example where the background curvature can induce a non-zero
variance.
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w = −1/3, ξ = 0. The so-called Milne Universe can be described with w = −1/3, which
is also the point after which, if inflation took place, the co-moving Hubble horizon starts
increasing in size. This is a special point in the solutions as here conformal time (2.8)
and the index of the mode function (3.4) have singular behaviour. But since we have
well-defined solutions when w 6= −1/3, above and below, and furthermore since the scalar
curvature is perfectly finite at this point, the pole is not visible in the physical results, for
example for the variance.
Assuming that we are arbitrary close to the divergent point, w = −1/3 ± ǫ, it again
helps to define a new variable, ν2 = 9/4(1− θ′), with which we get[
1 +O(ǫ2)
]
H2 =
9λ
8π2θ′
(ǫH)2 ⇔ θ′ = 9λ
8π2
ǫ2 +O(ǫ4) , (4.11)
which when setting ǫ → 0 gives
〈φˆ2〉 = H
2
3λ
, (4.12)
Showing that indeed a finite result for a non-zero variance is also present for w = −1/3,
as anticipated.
5 Discussion
In this work we have shown that a generic effect for a light scalar field φ on a curved
background is the generation of a non-zero variance 〈φˆ2〉. Our model contained quartic self-
interactions that were analysed non-perturbatively, specifically by using the leading order
truncation in the 2-particle-irreducible (2PI) Feynman diagram expansion, also known as
the Hartree approximation. The background was assumed to be characterized by the
cosmological equation of state parameter w relating the energy and pressure densities
as p = wρ.
A natural direction beyond the results presented here is relaxing the requirement of
the field φ being simply a spectator on a curved background. In the situation where it also
results in a non-trivial gravitational backreaction it seems plausible that one may no longer
neglect the quantum nature of gravity and fluctuations of the metric must be included. In
particular, equations of state with w > −1/3 seem promising as it is well-known in the
context of Early Universe cosmology that in quasi de Sitter spaces the difference between
semi-classical gravity and quantising the metric fluctuations amounts to different factors
of the slow-roll ǫ parameter, which is small for w < −1/3 but order unity for w > −1/3.
There are several obvious and interesting applications for our results. Gravitational
amplification of scalars during an epoch with w = 0 has direct implications for the reheating
of the Universe after inflation. Furthermore, a gravitationally generated effective mass can,
if large enough, have an impact on the parametric resonance mechanism that potentially
takes place immediately after the end of inflation, or in short preheating [69].
Another application worth exploring is the behaviour of the Higgs field in the Early
Universe, in particular the possible destabilization of the electroweak vacuum [70, 71].
Previously, only w = −1 and w = 0 have been investigated, however our results indicate
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that in all cosmological epochs besides radiation domination the Higgs field can become
excited, potentially enough to trigger vacuum decay.
Perhaps the most promising application of this work is a novel framework for dark
matter (DM) generation. In itself, gravitational dark matter generation is of course not a
new idea, and for example the WIMPzilla models have received significant attention and
are currently actively studied [72]. Furthermore, extremely potent dark matter production
via tachyonic resonance induced by the oscillating scalar curvature during reheating was
discovered in [73] to allow purely gravitational DM production with the correct abundance
also for very light particles. However, our formalism making use of the simple parametriza-
tion via the cosmological equation of state w provides previously unknown generic solutions
for a variety of situations that require a thorough investigation.
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